Note on Electrodynamics

This note is based on the textbook Classical
Electrodynamics 3rd edition (John David

Jackson) as well as HL5 /)24 RIBAZBRE (67 7258).

Vector Calculus

Scalar Triple Product

A (BxC)=B-(CxA)=C-(AxB)
Vector Triple Product

BAC-CABrule: Ax (BxC)=Bx (A-C)—Cx
(4-B)

Product Rules

V(fg) =fVg+gVf

V- (fA) =f(V-A) + A (V)

V x (fA’) =f(v X A’) —Ax (V)
Second Derivatives

V- (VT) = (V-V)T = V2T

V x(VT)=0

V(V %)

V- (Vx19)=0

V x (Vx%)=V(V-3)— V2%
Coordinates

Cylindrical Coordinates

Theorem 1 (Gradient in Cylindrical

Coordinates):
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Theorem 2 (Laplacian in Cylindrical
Coordinates):
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Special Functions

Definition 1 (Complete elliptic integral of
the first kind):
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Definition 2 (Complete elliptic integral of
the second kind):
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1. Introduction to Electrostatics
Theorem 3 (Green's first identity)
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proof: Substitute A in divergence theorem
with V. ]

Theorem 4 (Green's second identity):
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proof: interchange ¢ and ¢ in Green’ s first
identity and then substract. |

1.1. Poisson and Laplace Equations

The behavior of an electrostatics field is
described by

v E=L (7)
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VxE=0 (8)

Definition 3 (Poisson equation): The electric
potential & satisfies the equation

V2 =2 9)
€0



Definition 4 (Laplacian equation): In
regions of space lacking charge, the Poisson
equation becomes

V2@ =0 (10)

1.2. Solution of Boundary-Value
Problem with Green Function

Theorem 5 (Gauss's theorem):
?fE.daz q /dQ (11)
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Definition 5 (Green function): A function

= 2/ 1 = 2/

must satisfy the condition that:
V2G(Z,3) = —4nd(Z — 3 (13)
And with F satisfying the Laplace equation

inside the volume V

Theorem 6 (general solution for Poisson

function):
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proof: Plug G(z,2’) and ® into Eq. 6 |

Theorem 7: solution of Poisson equation
with Dirichlet or Neumann boundary
conditions is unique

proof: Let U = &, — &, and use Theorem 3. m

Definition 6 (Dirichlet boundary
conditions):

Gp(%,3') =0 for Z on S (15)

Theorem 8 (Solution to Dirichlet boundary
conditions):
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Definition 7 (Neumann boundary
conditions): This is consistent with Gauss’ s
theorem that

0 N L .
WGN(x,x)——S for Z on S (17)

Theorem 9 (Solution to Neumann boundary
conditions):
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B(8) = (B)s + 1 [ p(@)Gn(@ ) &%
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1.3. Energy and Capacitance

Theorem 10 (Discrete total potential):
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Theorem 11 (Continuous total potential):
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With self-energy contributions
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Definition 8 (Energy density): With self-
energy contributions

w = %0|E|2 (22)

2. Boundary-Value Problems in
Electrostatics

2.1. Method of Images

What are image charges A small number of
charges
suitably placed
appropriately charged
external to the region of interest



simulating the required boundary

conditions
Zero potential plane conductor condition
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Figure 1: Electric filed of ¢ away from an
infinite plane conductor

hollow grounded sphere conductor

2.2. Laplace Equation in Rectangular
Coordinates

2.3. Fields in Two-Dimensional
Corners

2.4. Expansion in Spherical
Coordinates

Vi (0,6 Yz (6, ¢")Y, (0, 0)  (23)

3. Multipoles and Dielectrics
3.1. Multipole Expansion

Yim (6, 9)
47r50 Z Z 2l+1 m—rer - (24)

Definition 9 (traceless quadrupole
moment):

Qi = /(330 zf—r%6,;)p(F)d®x"  (25)

p= [ #0@) d% (26)
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4. Relativistic Electromagnetics
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